Introduction.
If jl/g is a finite separable normal (or Galois) extension field of degree n, with Galois group © = (Cri, • • • , G"), then the theorem of the normal basis asserts that ^/^ always possesses a field basis of the form wGl, ■ ■ ■ ,wGn(wE$), called a normal basis of $/3f. Nakayama [7] has extended the normal basis theorem to Galois division ring extensions of finite dimension n with outer Galois group of order n. More recently Kasch [6] has established the existence of a generalized normal basis for Galois extensions of certain simple rings.
In the present article, if © = (Cn, • ■ ■ , GH) is a finite group of automorphisms of a ring $, and if % is the fixring corresponding to ®, then $/g has a &-normal basis whenever $ has an independent -basis of the form uGl, -■ -, uGn (uE$). Then u is a ®-normal basis element of $/5. Contained in this article is a characterization of those extensions $/3f possessing a ©-normal basis for which the ©-normal basis elements have the following simple description: every wE® with ®-trace 23"= i w<Si "which is regular in g is a (^-normal basis element of $/3f. It will be shown that the only proper Galois extensions (of the kind considered) having this property are those for which &/% has dimension pe and St has characteristic p.1 This determination follows as a corollary to the more general Theorem 1.
For the most part the methods of the present note are the same as those announced in [4] , namely, when $/g has a ©-normal basis, essential use is made of the evident ©(^-module operator isomorphism between ©(g) and $, where ©(55) denotes the group ring defined by © and %.
In §4, the question of the existence of a ©-normal basis is considered. In §5, an application of the foregoing results is given.
I wish to thank the referee for his constructive remarks, and, in particular, for observing that the proof of my earlier result for fields (which had been submitted to this journal for publication) was valid for more general rings. For brevity, a simple ring with minimum condition will be called a simple ring. Let fi bea ring with identity 1, and suppose fi is a finitely generated right g-module, where % is a simple subring containing 1. Then St has an independent right ^-basis and every right g-basis of Si has the same cardinality and every GC®, the elements Gi, ■ • ■ , G" constitute a left ^'-basis of Si as well. Since %r is a simple ring, i.e., since % may be identified with the full ring of kXk matrices with elements in a division ring, ®(5r) has finite dimension over some division subring; for such rings it is known that every element of ®(%r) is either regular or a zero divisor in ®(j5r). a fact which will be used in the following familiar5 characterization of normal basis elements of Si/%. Lemma 1. Let Si/% have a ®-normal basis generated by u. Then W is 2 If a is any endomorphism of $, x" will denote the image of x C & under a. 3 For this result see [5, p. 134] . I am indebted to the referee for this reference, as well as that given in Footnote 7. 41 wish to emphasize that the present definition of a ©-normal basis does not coincide necessarily with Kasch's normal basis defined in [6] . The concepts do coincide, however, when ©($/($) is outer. See §4 of the present article. In order that w be a ©-normal basis element in ®/% it is trivially necessary that the trace T@(w) be a nonleft divisor of zero in %. Since % is isomorphic to a full ring of kXk matrices with elements in a division ring, this is the requirement that 7®(mi) be regular in %. We wish to characterize those extensions for which the converse is true, namely, every mi with regular ©-trace is a ©-normal basis element in ®/%. To do this we have found it interesting (and expedient) to generalize the problem. We consider intermediate It is now evident that we actually are seeking to characterize the condition:
(ii) 93 is contained in the radical of 81. When % is a field, and 93^0, it is known that (ii) holds (if and) only if:
(II) % has prime characteristic p, and h = p°. In a routine fashion this result may be extended as follows: Proof. Suppose 93 is contained in the radical 9J of &(%). As was seen before ®(%) has finite dimension over a division subring so that 9t, and hence 93, is nilpotent. Then the algebra §* over the center 3 of % having Hi -l,i = 2, ---, h (where Hi = 1), as a basis is also nilpotent. Since 3 is a field, this is possible only if both 3 has characteristic p and h = pe.i
Conversely let % have prime characteristic p, and h = pe. Then the algebra §* defined above is nilpotent; ( §*)* = 0 for some integer k.7
Since 93 = ?!£* = $*H, where H = ®(5), certainly 93* = 0 also; 93Cffi.
In view of this lemma, and the remarks preceding, we now have In case % is a division ring, the corollary shows, when St 7*%, that every element of St with nonzero ®-trace is a ®-normal basis element if 6 It is well known that if Jp* is the radical of ^>C3), then ,3 must have prime characteristic p dividing h. If h^p", then § contains an element 5 of prime order q^p, and such that, for 8 = (S), C(3) is semi-simple, which is impossible since %($) ^0 is nilpotent. 7 
77-81.
tensions St/% of Theorem 2. In Theorem 1, the assumption that § be normal in ® implies that every automorphism of ® maps A onto itself. Then, as was noted in Lemma 2, A/% is ^3-Galois.
Although it is immediate, it perhaps should be noted that the assumption on the simplicity of %' in Theorem 2 is automatically satisfied when St is a division ring. The same is true whenever @ is an outer group of automorphisms.
In this latter case, as was noted in the remarks preceding Theorem 2, 0 is then the Galois group ®(«/8). Employing terminology used in [3] we shall say that an outer Galois extension St/% possessing a normal basis is completely basic if every normal basis element of St/% is also a normal basis element of St/A, where A is any intermediate ring for which St/A possesses a normal basis. Completely basic field extensions were studied in [3] where it was shown that every Kummer field extension is completely basic. Until now the only known examples of completely basic extensions were Abelian field extensions. The above example not only permits us to assert the existence of completely basic extensions which are not fields but it also establishes the existence of completely basic field extensions which are not Abelian. This latter statement is a consequence of the fact that normal (or Galois) field extensions of degree pe over a field of prime characteristic p need not have an Abelian Galois group.
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REMARK ON AUTOMORPHISMS OF GROUPS MAURICE AUSLANDER
Let G be a group with center C. Let a be an automorphism of G and n an integer such that a" is an inner automorphism.
Thus there is a g in G such that an(x) =gxg~1 for all x in G. Applying a to both sides of this equation we have that an(a(x)) =a(g)a(x)a(g)~1
ior all x in G. Since every element in G can be written as a(x) for some x in G, it follows that g and a(g) induce the same inner automorphism of G. Thus g~la(g) = c where c is in C. Now if y is in C, then (gy)~1a(gy) = g~1y~1gca(y) =cy~1a(y). Thus as x runs through all x in G which induce the inner automorphism an, the elements of the form x_1a(x) run through the entire coset cCa in C/Ca, where Ca is the subgroup of C consisting of all elements of the form y~xa(y) (y in C). This element of C/Ca depends on n and will be denoted by o(a, n). Proof. Let g in G induce the inner automorphism an. Then by the previous remarks we have that g_1a(g) =c where c is in C. Thus the abelian subgroup of G generated by C and g is stable under a. Since «"(#) =£> it follows that Ylj-o ai(s) is a fixed point of a and is thus in C. On the other hand, since ct(g)=gc, we have that JJ"=o a'(?) = gnd for some d in C. Therefore g" is in C which means that an = 1.
It is clear that if an = l, then o(a, w) = (l). Suppose o(a, n) = (l). Then by our introductory remarks, we can choose a g in G such that g induces the inner automorphism a" and g~~1oc(g) = l. Thus g is a fixed point of a. Consequently g is in the center of G, which means that an = l.
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